LATTICES WITH UNIQUE COMPLEMENTS

BY
R. P. DILWORTH

Introduction. For 'several years one of the outstanding problems of lattice
theory has been the following: Is every lattice with unique complements a
Boolean algebra? Any number of weak additional restrictions are sufficient
for an affirmative answer. For example, if a lattice is modular (G. Bergman
[1](»)) or ortho-complemented (G. Birkhoff [1]) or atomic (G. Birkhoff and
M. Ward [1]), then unique complementation implies distributivity and the
lattice is a Boolean algebra.

In spite of these results, I shall show here that the theorem is not true in
general. Indeed, the following counter theorem is proved:

Every lattice is a sublattice of a lattice with unique complements.

Thus any nondistributive lattice is a sublattice of a lattice with unique
complements which a fortiori is #ot a Boolean algebra.

The actual construction gives a somewhat more general result; namely,
that every partially ordered set P can be imbedded in a lattice with unique
complements in such a way that least upper bounds and greatest lower
bounds, whenever they exist, of pairs of elements are preserved. In particu-
lar, if P is unordered the construction yields the free lattice with unique
complements generated by P.

The' initial step consists in imbedding P in a lattice L so that bounds,
whenever they exist, of pairs of elements of P are preserved. L is the free
lattice generated by P in the sense that the only containing relations in L
are those which follow from lattice postulates and preservation of bounds.
Thus this imbedding represents the other extreme from the usual bound pre-
serving imbedding by means of normal subsets. The methods employed are
an extension of those used by Whitman [1, 2] in the study of free lattices.
Indeed, if P is unordered, L is precisely the free lattice studied by Whitman.

Next, the lattice L is extended to a lattice O with unary operator, that is,
a lattice over which an operation a* is defined with the property

() a =b implies a* = b*.

It is to be emphasized that the equality symbol denotes lattice equality
which is not necessarily logical identity. Again the only containing relations
in O are those which follow from lattice postulates, preservation of bounds,
and from («). Curiously, the main difficulties in obtaining an imbedding lat-
tice with unique complements occur in connection with the structure of O.
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In the third step, a sublattice N is selected from O over which a new opera-
tion a* is defined for which (a) holds and also having the property

(8) (a%)* = a.

Thus N is a lattice with reflexive, unary operator. N is again free in the
sense that the only containing relations in IV are those which follow from lat-
tice postulates, preservation of bounds, and the two properties (&) and (B).

Finally, a homomorphic image M of N is constructed in which the opera-
tion a* becomes a complementation. It follows from the structure theorems
of O that this complementation is unique. Furthermore, M contains P and
is indeed the free lattice with unique complements generated by P.

At each stage, necessary and sufficient conditions are determined that a
sublattice of the free lattice with operator be free. When the results are ap-
plied to the free lattice with unique complements having two generators, one
gets the following theorem:

The free lattice with unique complements generated by two elements contains
as a sublattice the free lattice with unique complements generated by a denumer-
able set of elements.

Since the free Boolean algebra generated by a finite number of elements is
always finite, this theorem shows clearly how far lattices with unique com-
plements may differ from Boolean algebras.

1. The free lattice generated by a partially ordered set. We begin with a
fixed, but arbitrary, partially ordered set P of elements g, b, ¢, - - - and in-
clusion relation . If =5 and b=a, we write a =b where the equality is in
general not logical identity. a >b denotes proper inclusion. If two elements
a and b have a least upper bound or greatest lower bound in P, it will be de-
noted by lL.u.b.(a, b) or g.1.b.(a, b) respectively.

In the construction which follows we shall use as building stones the three
formal operation symbols \U, M, and *.

DEFINITION 1.1. Operator polynomials over P are defined inductively as
follows:

(1) The elements a, b, ¢, - - - of P are operator polynomials over P.

(2) If A and B are operator polynomials over P, then A\UB, AMB, and
A* are operator polynomials over P.

In short, the operator polynomials over P are all finite, formal expressions
which can be obtained from the symbols a, b, ¢, - -+ - by the operation symbols
U, N, and *. The set of all operator polynomials will be denoted by O.

Those operator polynomials which are obtained from the symbols
a, b, ¢, - -+ by means of the two operations \JU and M are called lattice
polynomials. Thus the symbol * does not occur in a lattice polynomial. The
set of all lattice polynomials will be denoted by L.

DEFINITION 1.2. The rank r(4) of an operator polynomial is defined in-
ductively as follows:
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(1) r(4)=0if AEP.

(2) r(AUB)=r(ANB)=r(4)+r(B)+1and r(4*) =r(4) +1.

In short, 7(4) is simply the number of times any of the symbols \U, N,
and * occur in 4. It is clear from definition 1.2 that #(4) =0 if and only if 4
is an element of P.

DEeFINITION 1.3. Two operator polynomials 4 and B are identical (in sym-
bols A =B) if, inductively,

(1) A and B have rank zero and represent the same element of P,

(2) 4 and B have rank #>0 and either (i) 4 and B have the forms
A,\JA, and B,\UB, respectively with 4,=B; and 4:=B, or (ii) 4 and B
have the forms 4,4, and B1/MN\B, respectively with 4;=B,; and 4,=B, or
(iii) 4 and B have the forms A4* and B;* respectively with 4,=B,.

Stated less precisely, two operator polynomials are identical if and only
if they look exactly alike.

The identity relation is clearly reflexive, symmetric, transitive, and pre-
serves the operations \U, M, and *.

Before going further, we must make precise what is meant by “the free
lattice generated by a partially ordered set P.” Now it is clear that if the lat-
tice is to be of any use in imbedding problems it must be more restrictive
than the free lattice generated by P as an unordered set. Indeed, it is desirable
that the lattice properties of P be preserved(?). Moreover, this can be done
most simply by requiring that least upper bounds and greater lower bounds
of pairs of elements of P shall be preserved whenever they exist(®). Hence,
by “the free lattice generated by P” we shall mean the free lattice(*) generated
by P and preserving bounds, whenever they exist, of pairs of elements of P.

(® It might be suggested that the free lattice generated by P should preserve only the
order in P. However, this seems to be too general for most purposes since even if P were a lat-
tice, union and crosscut in the free lattice would be distinct from the union and crosscut in P.
This suggests that a better term for the free lattice generated by P and preserving order would
be “the completely free lattice generated by P.”

(3) Another possibility would be the requirement that finite bounds be preserved whenever
they exist. This would, however, introduce a great many complications into the notation while
all of the essential difficulties seem to occur in the case of bounds of pairs. Let us notice that if P
is unordered, any of these requirements yield the free lattice generated by P in the usual sense.

(*) We shall frequently have to consider the most general lattice (sometimes with operator)
generated by a set Sand satisfying certain additional restrictions. The existence of such a lattice,
which we shall call the free lattice (with operator) generated by S and satisfying the given re-
strictions, follows from general existence theorems on free algebras. Namely, let 4 be an algebra
consisting of a set of operations 0, a set of relations R, and a set of postulates P. A polynomial
over S is any formal expression in elements of S obtained by finite application of the opera-
tions 0. A formula consists of two polynomials connected by a relation R. We assume further
that the postulates P are either formulas or implications between formulas. Then the set of all
polynomials p over S can be made into an algebra A4 by defining p,Rp, if and only if the formula
p1Rp. can be deduced as a formula from the postulates P. Furthermore 4 is the most general
algebra generated by S in the sense that any other algebra generated by S and satisfying the
postulates P is a homomorphic image of 4.
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Since this section treats only lattices generated by P, we may restrict our
attention to the set L of lattice polynomials. Those lattice polynomials which
are significant in P can be characterized as follows:

DEerFiINITION 1.4. The lattice polynomial A of L has a value v(4) in P if
and only if, inductively,

(1) AEP, in which case v(4) =4,

(2) A=A4,\JA4; where v(4,), v(42), and L.u.b.(v(4.), v(4,)) exist, in which
case(®) v(4)=Lu.b.(v(41), v(4,)); or A=ANA, where v(4:), v(4;) and
g.L.b.(v(41), v(4.)) exist, in which case v(4) =g.1.b.(v(41), v(42)).

From Definition 1.4 follows immediately:

LemMmA 1.1. If v(A) exists, then v(4) EP.

The next definition introduces the basic containing relation in L.
DerINITION 1.5. If A, BEL let us set

(i) A=2B (1) if A=Borif v(4), v(B) exist and v(4) =Zv(B) in P.
(ii) A =B(n) where n>1 if and only if one of the following hold:
(1) A=zC(n—1) and C=B(rn—1) for some CEL.

(2) A=A4,VA4;where A,2B(rn—1) or 4,2 B(n—1).

(3) A=A,NA; where A;=2B(r—1) and 4.=B(n—1).

(4) B=B,\UB; where A 2Bi(n—1) and 4 = By(n—1).

(5) B=ByN\B; where A 2Bi(n—1) or A = By(n—1).

(iii) 4 = B if and only if 4 = B(n) for some 7.

LeEmMMA 1.2. 4 =2 B(n) implies A = B(k) for all k=n.

It is clearly sufficient to show that 4 =B(n) implies A =2B(n+1). If
A =B(1), then since B=B we have B=B(1) and 4 =B(2) by (1) of (ii).
Let us suppose that it has been shown that 4 = B(z) implies 4 = B(n41) for
all n<m. Let A =B(m). Then B =B(m) by the induction assumption. Hence
AzZB(m+1) by (1) of (ii). The lemma follows by induction.

THEOREM 1.1. L is a lattice under the containing relation 4 = B.

Proof. A=A since A=A implies A =2A4(1) by (i). Let A=B and B=C.
Then A =ZB(m) and BZ C(n) for some m and » by (iii). But then 4 = B(k)
and B2 C(k) where k=max (m, n) by Lemma 1.2. Hence 4 =C(k+1) by
(1) of (ii) and 4 = C by (iii). Thus L is partially ordered by the relation 4 = B.
Now A\UB=A, B since AAUB= A, B(2) by (2) of (ii). Similarly 4, BZANB.
If X=A, B then X=A(m) and X = B(n) for some m and 7 by (iii). Hence by
Lemma 1.2, X=A(k) and X=B(k) where k=max (m, n). But then
X=A\UB(k+1) by (4) of (ii). Hence X =2 A\UB by (iii). In a similar man-
ner A, B=X implies ANB =X and L is thus a lattice under 4 = B.

(%) Since equality need not be logical identity, ¥(4) may be a multivalued function from L
to P. However, the various values of v(4) are equal in P.
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THEOREM 1.2. L is the free lattice generated by P. That is, L is the most gen-
eral lattice generated by P and preserving bounds, if they exist, or pairs of ele-
ments of P.

Proof. L is clearly generated by P. Now let l.u.b.(a, b) exist in P. Then
v(a\Ub) =l.u.b.(e, d) and v(l.u.b.(a, b)) =l.u.b.(a, b) by Definition 1.4. Hence
a\Ub=1.u.b.(e, b)(1) and L.u.b.(a, b) Za\Ub(1). By (iii) we geta\Ub =1.u.b.(e, b)
in L. Similarly if g.l.b.(e, b) exists in P, then aMNb=g.l.b.(a, b) in L. Hence
L.u.b. and g.L.b., if they exist, of pairs of elements of P are preserved in L.

We show next that if v(4) exists, then 4 =v(4) in the free lattice gen-
erated by P. If 4 is of rank zero, then v(4)=4 and hence v(4) =4 in the
free lattice. We proceed by induction. If 4 =4,UA4, and v(4) exists, then
v(41), v(4,), and Lu.b.(v(41), v(42)) exist and v(4) =1l.u.b.(v(4,1), v(4:)). But
then by the induction assumption v(4,) =4 and v(4;) =4 in the free lattice
generated by P and since bounds of pairs of elements are preserved 4 =4,
Ud.=Llu.b.(v(4,), v(43)) =v(4). A similar argument holds if 4 =4,NA4,.
Thus the above statement follows by induction. Also since bounds are pre-
served, a=b in P implies a=b in the free lattice. Hence v(4)=v(B) in P
implies 4 =v(4) Zv(B) =B in the free lattice generated by P. Thus 4.2 B(1)
implies 4 2B in the free lattice. But since (1), (2), (3), (4), and (5) of (ii)
follow from lattice properties, it is clear that 4 = B(n) implies 4 =B in the
free lattice. Hence L is isomorphic to the free ldttice generated by P.

It follows from Theorem 1.2 that a 25 in P implies a =b in L. However,
if L is to contain P as a sub-partially ordered set we must verify that a~ 25
in P implies a~2b in L (~Z= means “does not contain”). Now it is well
known that the normal subsets of P form a lattice which preserves the order-
ing of P and all bounds which exist. In particular, it preserves the bounds of
pairs of elements of P. Also a~ =5 in P implies a~ 2 b in the lattice of normal
subsets. Hence if we take that sublattice of the lattice of normal subsets which
is generated by P we have a lattice containing P, preserving bounds of pairs
whenever they exist, and such that a~ 2=b whenever a~2b in P. But since
L is the free lattice generated by and preserving bounds of pairs, it follows
thate~2=b in P impliesa~2=b in L.

This proof, though short, is non-constructive and it seems worthwhile to
give a constructive proof which at the same time exhibits something of the
structure of the lattice L.

THEOREM 1.3. L contains P as a sub-partially ordered set.

Proof. From Theorem 1.2 it follows that ¢ =5 in P implies a=b in L.
Before proving the converse we need a result on finite vectors with whole
number components. Consider the vector u= { my, -, mk} where m; is a
positive integer. u is said to undergo a reduction if some m; is omitted or is
replaced by a vector {ma, - - -, mi} where m;;<m.. The set of finite vectors
is partially ordered by defining a vector to be contained in u if it is obtained
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from p by a series of reductions. The set of finite vectors so ordered satisfies the
descending chain condition. To prove this we must show that after a finite
number of reductions we always reach a vector which can be reduced no
farther; that is, a vector of the form {1}. Let us make an induction on
m=max(my, - - -+, my). If m=1, the result is trivial. Now suppose it holds
for all vectors whose maximum is less than m. If k=1, then any reduction
gives a vector whose maximum is less than m and the result follows by the
induction assumption. Now let us make a second induction upon k and as-
sume that the statement holds for all vectors of maximum = and length less
than k. If m; is untouched, a series of reductions must end since it is a series
of reductions on {ml, C e My, Mgy, ¢t o, mk} whose length is less than k.
Hence after a finite number of reductions each m; has either been omitted or
replaced by smaller numbers so that the resulting vector has a maximum
which is less than m. For this vector the above statement holds by the induc-
tion assumption. Hence the result holds for all vectors of maximum m by
induction on k, and induction on m completes the proof.
Now consider a chain

(1) Ay = Ao(my), A2 = As(ms), - -+, Ax = Arpr(me),

where v(4;) and v(A441) exist. We shall show that v(4:) 2Zv(Ax41) in P. We
may clearly suppose that 4,54 ;,; since otherwise 4; or 4;;; may be omitted
from the chain. Suppose my=m;= - - - =m;=1. Then by (i), v(4.) Zv(4,)
= +++ 29(A4) in P and the result follows. Let us associate with the chain
(1) the vector p={m, - - -, m4} and suppose that the conclusion holds for
all chains whose vector is properly contained in u. Now if A4;=C(m;—1),
C=A;1(m;—1) for some 2, by substituting C into the above chain we get a
chain whose vector is {ml, <oy miny, mi—1, mi—1, miy, - - -, mk} and
which is properly contained in u. Hence v(4:) Zv(4 x41) in P by assumption.
Thus we may assume that (1) of (ii) holds for none of the containing rela-
tions of (1). Also if v(4;) exists where 1 <7 <k+1 then again by the induction
assumption v(4;) 2v(4;) 2v(4x4+1) in P. Hence we can assume that m;##1,
i=1, - - -, k. Suppose next that A4 ;;1=B.1\JCrs1 where 4x=Br(mr—1)
and 4= Cru(mi—1). Then since the chains from 4, to By1 and Cryq have
vectors contained in u, we have v(4:) Z9(B41), v(Cr41) in P. Hence by Defini-
tion 1.4, v(4:) 2Lu.b.(v(Bi41), v(Ci1)) =v(A k41). If Arp1=Br1MNCiyr where
either Ay =Bru(mr—1) or Ar 12 Crpa(mir—1) then as before either
v(A4,) 2v(Bry1) or 9(4:) 29(Cryr) in P. Hence v(4:) 2g.1.b.(v(Br41), v(Cri1))
=9(Ar41) in P. Thus since m;>1 we can assume that either (2) or (3) of (ii)
in Definition 1.5 holds for A;=A4,1(m:). Now let A, be the first member of
the chain such that (2) or (3) of (ii) holds for 4,2 A4,1(m.). Suppose r=1.
If (2) holds, then A;=B,\JC,;, where Bi=As(m;—1) or Ci=A:(my—1). Thus
by assumption v(B;) 2v(4 x41) or v(C1) 2v(4 x+1). Hence v(4:) =l.u.b.(v(By),
c(C))2v(Aryy) in P. If (3) holds, a similar argument shows that v(4.)
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29(A 1) in P. Thus we have only to consider the case »>1. But then (4) or
(5) of (ii) must hold for A,,=A4,(m,,). Thus either 4,=B,JC, or
A,=B,NC, and either 4, = B,(m,—y — 1), B, = Appai(m, — 1) or 4,
=C.(m,1—1), C,2A4,41(m,—1). Hence if we replace 4, by B, or C,, as the
case may be, we get a chain whose vector is properly contained in u. Thus
9(41) 29(4 r41) in P by the induction assumption. But since the descending
chain condition holds in the set of vectors it follows that v(4,) 2v(4 1) for
every chain (1) for which 2(4,) and v(4 1) exist.

Now let @ 2b(m) where a, 5&P. Then v(a) =a and v(b) =b and by the re-
sult we have just proved we conclude that ¢=b in P. Hence a~2=b in P
implies a~2b in L and the proof of the theorem is complete.

P will frequently be specialized to two extreme cases.

COROLLARY 1. If P is a lattice under the partial ordering, then L is iso-
morphic to P.

COROLLARY 2. If P is an unordered(®) set S, then L is the free lattice gen-
erated by S.

In connection with sublattices of the free lattice generated by an unor-
dered set, Whitman [2] has proved the following quite surprising theorem.

THEOREM 1.4. The free lattice generated by three elements contains as a sub-
lattice the free lattice generated by a countable set of elements.

We shall give here a new proof of Whitman'’s result since similar methods
will be used later in proving analogous theorems for lattices with operators.

LEMMA 1.3. Let © consisting of elements A, B, C, - - - be a subset of the free
lattice generated by an unordered set S. Then the sublattice Le generated by S
1is 1somorphic to the free lattice generated by & as an unordered set if and only if

(1) A=B implies A=B if A, BES,

(2) AIB=A implies A=A or B=A4 if A, BELe and A EG,

(3) AZANB implies A=W or A=ZBif A, BELs and A ES.

The necessity of (1) is obvious. In view of footnote 5, the necessity of (2)
and (3) follows from the fact that (2) and (3) of (ii), Definition 1.5, are the
only possibilities which can occur respectively in these two cases. On the other
hand if (1), (2) and (3) are satisfied, let Lg be the free lattice generated by &
as an unordered set. Let A=Y in Le. If A, BES, then A=Y in L by (1).
Now make an induction on the sum of the ranks of % and B. If A=A,
then ;=% and A, =B imply A =B and =B in Ly imply A=Y in L. A
similar argument holds if B=B,UB,. Hence we can suppose that A& S or

(®) If P is unordered, then 4 2B (1) if and only if 4 =B. In this case, as Whitman [1] has
shown, (1) of (ii) may be replaced by (1)’ 4 =ZB(n—1). For a general partially ordered set,
however, the transitivity of the new partial ordering cannot be proved on the basis of (1),
On the other hand, it is (1) of (i) which makes the proof of Theorem 1.3 difficult.
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A=YUYA; and BES or B=BiNB.. If A=A,JA; and BES, then A=VB in
Lg by (2). If AES and B=B1N\B; then A=Y in Lg by (3). Finally if
A=AVUA; and B=B:N\B; then one of A=V, A=V, A1 =B, A =B holds by
(ii), Definition 1.5. Hence by the induction assumption A2=9 in L. Thus
A=PBin Lg implies A =B in L and since Lg is the free lattice generated by &
as an unordered set it follows that Le and Lg are isomorphic.

Now let L be the free lattice generated by the three unordered elements
a, b, c. Let us set xg=a and define inductively

2, =a\J BNV (@N BY (cN x,-1))))), n=12---,
2a=aNBYU (N (@ BN (c\J x2_n41))))), n=1,2-...

LeMMA 1.4. The following relations hold tn L:
1) xUb~=c;c~=x_,Nb.
(2) a,b~2x.Nc;x_Jc~2a,b.

For x,\Ub=c—x,=c—a\Jb=c and a =x,MNc—a =bM\c. But both of these
conclusions are impossible. Dual proofs give the other relations.

Lemma 1.5. If aJczX, Y=¢, then a\J(BNX)=ZaJBNY)—-bNX
2bNY. If c2X, Y=aNc, then aN(BUX) Z2aN(BUIUY)-bUX 25UY.

For aU(BNX)2aJBNY)—>aUBNX)2bNY. Now a\J(BNX)2b—a
UX 2b—a\Uc2b which is impossible. a\J(bNX) = Y—a\Ub=¢ which is im-
possible. @ 2N Y—a = bMc which again is impossible. Hence the only possi-
bility according to (ii), Definition 1.5, is dN\X =bNY.

It is clear that Lemma 1.5 holds under cyclic permutations of a, b, c.

LeMMA 1.6. v KX 1<E < s LX< K<< - e <xp<Xpp1
< ..

Clearly x; = xo. Suppose we have shown that x, =x,, then since the opera-
tions U and M preserve order we have ®n41 =%4. Similarly x_,—; Sx_,. Now
suppose X,=xX,41. Then by successive application of Lemma 1.5 we get
Xn—12%,. Hence eventually we have ¢ =2x,=bMc¢ which is impossible. Simi-
larly x_n_1~2x_,. Thus the containing relations in the chain are all proper.

The elements of the countable generating set are defined explicitly as

follows: .
a, =b\U (2. N (2 Y 0)), n=12---.

Clearly a,~ =c¢ since a\JUb=x,\Jb=a,.

LEMMA 1.7. a,Zan implies m =n.

For @n=am—b\UxaN\ (%_n\J0)) = xmN (x_m\Jc). Now a,=x_,\Jc—a,=c
which is impossible. Also @, Zxn—b\Jx_,JcZxmn2a—x_,\Jc=a and b2=xnm
N(x_m\Jc)—b=xmMNc, both conclusions contradicting Lemma 1.4. Hence
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2N (x_n\JC) 2N (x_m\Jc). - But then x,2x.N(x_.Uc) and x_,Jc=x.
N(x_m\Jc). Now x,Zx_n\Jc—x, 2 ¢ which contradicts Lemma 1.4 and since
a, b~ Zx.MNc we must have x,Zx,. Whence n=m. Also x_, =2 (x_n\Jc)
—a 2xnMNc¢ which contradicts Lemma 1.4 and ¢2xN\(x n\Jc)—=cZ=%_n
which is also impossible. Since x_,\Jc~ =x,, we have x_,\Uc=x_,Jc=x_.
But since x_,\Jc~=a, b and ¢~ =%_n we have x_, =%_n. Whence # <m and
thus m =mn.

Let &€ denote the set of elements a4, as, - - - . Then it follows from Lemma
1.7 that (1) of Lemma 1.3 holds for the set &.
Let%, 9, €, : - - denote lattice polynomials over &.

LEMMA 1.8, A~=c; A=b.

For a,~2cand AUB =c—A=cor B=c while ANB=c—A=cand B=c.
Hence the first relation follows by induction on the rank of . Now a,=b
for all ». Hence if A, B=b, then A UB =b and ANB =b and the result follows
by induction.

LEMmA 1.9. AIB =x, implies A=x, or B=x,.

For AUB =%, AUB=a—A=a or B=a—A=a\Ub or B=a\Jb—>A=x,
or B=x,.

LemMA 1.10. AIB =a, implies U =a, or B=a..

If AUB=a,, then AUBZx,N(x_,Jc). If A=x,N(x_,\Jc) then A=b
Ux.N(2_a\Jc)) and A=a,. If B=x.N(x_,\Jc) then B=a,. Now AUB
~2x_,UJc. Hence the only remaining possibility is A\UB=x, and hence
A=x, or B=x, by Lemma 1.9. Thus either A=x,N(x_,Uc) or B=x,
N (x-,\Jc) and hence either A =a, or =a..

LEMMA 1.11. b~=9.

For bZa,—b=b\J(x.N(x_,\Jc))—b=x.N(x_,\Jc)—b=x,MNc which
contradicts Lemma 1.4. Induction on the rank of ¥ completes the proof.

LEMMA 1.12. a,2ANDB implies an = or 2, =B.

For suppose that a¢,=Z%ANB but ¢,~=«A and a,~=B. But then
O (N (x_\J¢)) Z2ANB and b~ = ANB—x. N (x_,\Jc) 2ANB—-x_,\Jc = U
MNP = b which contradicts Lemma 1.4.

Lemmas 1.10 and 1.12 give conditions (2) and (3) of Lemma 1.3 and Theo-
rem 1.4 follows.

2. Lattices with unary operator. In the previous section, the containing
relation in P has been extended to the set L of lattice polynomials. We now
extend the containing relation in L to the set O of all operator polynomials.
In order to connect the operator polynomials with the set of lattice polyno-
mials another definition is required.
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DEFINITION 2.1. An operator polynomial A has an upper cover 4 if and
only if, inductively,

(1) AEP in which case 4=4,

(2) A=A4,\JA,where A, and 4, have upper covers 4; and 4, respectively
in which case 4 =4,\U4,,

(3) A=A1NA, where either 4; or A, has an upper cover. If 4, exists
and 4, does not exist, then 4 =4,. If 4, exists and 4; does not exist, then
A =14, If both 4; and 4, exist, then 4 =4,N\4,.

Although 4 is defined for all lattice polynomials, it should be noted that
it is also defined for some operator polynomials which are not lattice poly-
nomials. For example, aM\b* is defined and indeed aM b* =a.

In an exactly dual manner, the lower cover *4 is defined. If 4 =4,UA,,
then *4 exists if and only if *4, or *4, exists while if 4 =4,MNA4., then *4
exists if and only if both *4, and *4, exist.

LemMA 2.1, A(*A4), if it exists, is a lattice polynomial.

For if A belongs to P, then A=4 and 4 is a lattice polynomial trivially*
If A=A,UA,, then A=4,U4, and if 4; and 4, are lattice polynomials so
also is 4. If A=A4,NA, then A=4,, 4,, or A1N4, and again 4 is a lattice
polynomial if 4; or 4, or both are lattice polynomials. If 4 =A4* then, by
Definition 2.1, 4 does not exist. A dual argument holds for *4.

LEMMA 2.2. If A is a lattice polynomial, then A and *4 existand A=*A=4.

For if A EP the lemma is trivial. By induction, if 4 =4,\UA4,, then A1
and A4, are lattice polynomials and 4;=4, and 4;=4,. By Definition 2.1
2521\/225141\}442514. If AEAlmAz, then A4, and A, are lattice pOly-
nomials, whence both 4; and 4, exist by the induction assumption and
A=A, dy=A4,. But then A=4,NA,=4,NA,=A. A dual argument holds
for *A4.

LEMMA 2.3. If 4 and *A exist, then A =*4 in L.

For if A EP, then A=*4 =A4. Whence 4 2*4 by Definition 1.5. Now by
induction, if A =A4,\UA4,we have 4 =4,\U4,and *4 =*4, or *4, or *4,\U*4,.
But by the induction assumption 4A; =*4, or 4;=*4, according as *4, or *4,
exists. Thus A=4,\U4,=*4. If A=A4:NA4, the dual of the above argument
shows that 4 =*4. If A =A4* then 4 and *4 do not exist and the lemma holds
vacuously.

The containing relation in O is defined in a manner analogous to that in L.

DEerFINITION 2.2. If A, BEO let us set

(i) ADB(1) if A=Bor if *4 and B exist with *4 2 Bin L,

(ii) A DB(n) where n>1 if and only if one of the following hold:

(1) ADB(n-1),

(2) A=A4,\JA, where 4:DB(n—1) or A;,2B(n—1),
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(3) A=A NA; where A12B(n—1) and 4,DB(n—1),

(4) B=B,\UB; where A DBy(n—1) and 4 DBy(n—1),

(5) B=ByN\B; where A DBy(n—1) or ADBy(n—1),

(6) A 514.]_‘l and B EB]* where AIQBl(n—l) and BthAl(n— 1),
(iii) A 2B if and only if A DB(n) for some 7.

LeEMMA 2.4. A DA.
For A=A implies 4 DA(1).
LEMMA 2.5. Let ADB. Then if A exists, B also exists and A= B in L.

First, let ADB(1). If A =B, the lemma is trivial. If *4 and B exist with
*4 = Bin L, then the first part of the lemma is immediate. But by Lemma 2.3,
A=*42B in L. This gives the second part of the lemma, Now proceed by
induction and suppose the lemma holds if A DB(n—1). Let A DB(n). We
have six possibilities. If 4 DB(n—1) the lemma holds by assumption. If
A=A4,UA4; where 41D2B(n—1) or A;DB(n—1) then if 4 exists, 4; and 4,
.also exist and hence B exists by the induction assumption. Furthermore,
either 4,2 Bor 4,2 Bin L. Hence A=4,U4,=Bin L. If A=A4,NA, where
A1DB(n—1) and 4,DB(7—1), then if 4 exists, either A; or A, exists and
A=14, or 4; or 4;N4,. But again by the induction assumption B exists and
A=4, or 4, or A1N4,=B in L. If B=B,\UB, where A DBy(n—1) and
A DBy(n—1), then if 4 exists both B; and B, exist by the induction assump-
tion and 4= By, B, in L. But then B=B,\UB,; exists and 4=B in L. If
B=B,N\B; where ADBi(n—1) or ADBy(n—1) then if 4 exists, either B;
or B, exists by induction and 4= B, or 4 = B,. But then B=B, or B; or
BN B, and hence 4= B in L. Finally if A =A* and B=B*, then 4 does not
exist and the lemma holds vacuously. Induction on #» completes the proof.

LEMMA 2.6. Let ADB. Then if *B exists, *A also exists and *A 2*B in L.
The proof is the exact dual of that of Lemma 2.5.
LemMma 2.7. ADB and BDC imply ADC.

We shall show first that 4 DB(m) and BDC(n) imply 4 DC by making
an induction on l=m-n. Suppose m =1 so that ADB(1). If A=B, then
B2 C(n) implies A D C(n) implies A DC. If *4 and B exist with *4 =B in L,
then since B2 C it follows from Lemma 2.5 that C exists and B=C in L. But
then *42=C in L and 4D C(1). Whence 4 DC by Definition 2.2. Thus the
result holds if m =1 and a dual argument gives the case where z=1. We may
thus suppose that m, n>1. Let us assume that the lemma holds if m+7n<1
and let m+n=1. Since 4 DB(m) and m > 1 we have six possibilities:

(1) ADB(m—1). But then A DC by induction.

(2) A=A4,JA4, where 4:2B(m—1) or A;DB(m—1). But then 4;,2C or
4,2 C by the induction assumption. That is 4; 2 C(k) or A; D C(k) for some k.
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But then 4 =4,\UA4,D C(k41) by (2) of (ii). Hence 4 D C by Definition 2.2.

(3) A=A41MNA, where A:2B(m—1) and A,2B(m—1). But then 4,2C
and A,2C by induction. That is 4:2C(¢) and 4:2C(5) for some % and j.
But then 4:2C(k) and 4;2C(k) where k=max(s, j). Hence A=4:1NA4,
DC(k+1) by (3) of (ii). Thus 4 DC by (iii).

We leave possibilities (4), (5), and (6) for the moment and consider the
six possibilities on BDC(n). If BDC(n—1), then 42C by induction. If
C=C\JC, with BDCi(n—1) and BDC(n—1) then 4 DC by the exact dual
of the argument in (3) above. If C=CiNC; with either BDCi(n—1) or
B2 Cy(n—1) then ADC by the exact dual of (2) above.

Now consider possibility (6). 4 =A4;* and B=B* where 4:2B:(m —1) and
Bi1DA:(m—1). Since BDC(n) and the possibilities BDC(n—1), C= GG,
and C=CiNC, have been treated, we must have C=C* where BiDCi(n'—1)
and CiDBi(n—1). But then by induction 4:,2C; and Ci24:. That is
A2 Ci(3) and C124,(j) for some 7 and j. But then 4:2Ci(k) and C1DA4.(k)
where k2 =max(7, j). Thus A*2C*(k+1) by (6) of (ii). Hence 4 DC by (iii)
of Definition 2.2.

The only remaining possibilities are

(4) B=B,\UB, with ADBy(m—1) and ADBy(m—1) and either B,
DC(n—1) or B,DC(n—1).

(5) B=BiNB,witheither4 DB;(m—1)or A DBy(m—1)and B,2C(n—1),
By,DC(n—1).

But in both (4) and (5), 4 2 C by induction. It follows that 4 DB(m) and
BDOC(n) imply ADC. But if A DB and BDC then 4 DB(m) for some m and
B2 C(n) for some n. Hence 4 2C and the proof of the lemma is complete.

THEOREM 2.1. The set O of operator polynomials forms a lattice under the
relation A DB.

Proof. Lemmas 2.4 and 2.7 show that O is partially ordered by the relation
ADB. Now A\ UBDA, B since AAUBDA, B(2) by (2) of (ii). Similarly
A, BDANB. Now let X2A4 and X2DB. Then X2A4(n) and X2DB(n) for
some 7. But then X DA UB(rn+1) by (4). Hence X DA\UB by (iii) of Defini-
tion 2.2. Similarly if 4, BD X, then ANB2X. Hence A\UB and AMNB are
least upper bound and greatest lower bound respectively of 4 and B. This
completes the proof.

DEerFINITION 2.3. A~B if and only if ADB and BDA4.

The relation A~B is reflexive, symmetric, transitive, and preserves the
operations of union and crosscut.

THEOREM 2.2. 4 DB in O if and only if one of the following holds:
(1) A=B or *4A and B exist with *A=B in L.

(2) A=A4,\JA; with A1DB or A;DB.

3) A=ANA; with A12B and A, DB.

(4) B=B,\UB, with ADB;and ADB,.
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(5) B EBlnBz with A QBl or A 232.
(6) A EAl* and B EBl* with Al’ﬁBl.

Proof. The proof is clear from Definitions 2.2 and 2.3.
THEOREM 2.3. L is a sublattice of O.

Proof. L is clearly a subset of O and furthermore the operations of union
and crosscut in L are the same in 0. Hence we have only to show that A DB
where 4, BEL implies A =B and conversely. First, let ADB(1). If A=B,
then 4 2 B trivially. If *4 and B exist with *4 = B, then since 4 and B are
lattice polynomials, *4 =4 and B=B, whence 4 =B. We make an induction
and let ADB(n). If ADB(n—1), there is nothing to prove. If 4=4,UA4,
where 4,2B(n—1) or A;2B(n—1), then 4; and A4, are lattice polynomials
and by the induction assumption 4;=B or A; = B. Hence 4 =4,\J4,2B. If
A=A4,NA; where A;DB(n—1) and 4,DB(n—1), then 4; and A4, are lattice
polynomials and by the induction assumption 4;=B and A4,=B. Hence
A=A,NA,=B. Cases B=B,\UB; and B=B,MN\B; are treated similarly. Since
A is a lattice polynomial, 4 =A4,* cannot occur. Induction on # shows that
ADB(n) implies A =2 B. But A 2B where A, BEL implies A DB(n) for some
n implies A = B. Conversely let A = B. Since 4 and B are lattice polynomials
we have *4=A4 and B=B and thus *4 = B. Hence 4 DB(1) and 4ADB by
(iii) of Definition 2.2. This completes the proof.

CoROLLARY. O contains P as a sub-partially ordered set and preserves l.u.b.
and g.l.b. of pairs whenever they exist.

The corollary follows from Theorems 2.3 and 1.2.
The remaining theorems of this section will develop the general structure
of the lattice O.

THEOREM 2.4. A DA D*A whenever the covers exist.

Proof. We make an induction on the rank of 4. If 7(4) =0, then AEP
and A=A=*4 and the theorem holds. Now let 7(4) =7 where #>0. If
A=A4,\UA, and 4 exists, then 4; and 4, exist and 4=4,U4,. But since
r(4,) <n and r(4,) <n we have A;DA4; and 4,24, Hence 4=4,U4,
DA, JA4,=A4. If A=A,NA4, and 4 exists, then 4; or 4, exists and 4 =4,
or 4, or 4;N\4,. But by induction 4,24 or 4;2A4. Hence AD4,:NA4,=A.
If A=A* then 4 does not exist and the theorem holds vacuously. Thus by
induction 424 whenever 4 exists. A dual proof gives the second inclusion.

THEOREM 2.5. A* D B* if and only if A~B.

Proof. The only possibilities of Theorem 2.2 which can occur are 4 =B and
A~B, In either case A~B.

COROLLARY. A~B implies A*~B*,
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It should be noted that as a consequence of Theorem 2.5, the polynomials
of the form 4* form an unordered set. This is in marked contrast to ortho-
complementation where 4 2B implies B’ 24".

THEOREM 2.6. A*DBN\C if and only if A* 2B or A*2DC.

Proof. Since *4 does not exist, the only possibility of Theorem 2.2 is (3).
That is, A*2B or A*2C.

THEOREM 2.7. BUCDA* if and only if BOA* or CDA*.
Proof. The proof is the dual of that of Theorem 2.6.
THEOREM 2.8. If ANB=~C*, then either A~C* or B~C*.

Proof. If ANB~C*, then C*2DANB and C*2DA4 or C*2B by Theorem
2.6. But A DC* and BDC*. Hence either A~C* or B~C*.

THEOREM 2.9. If ANVB~~C*, then either A~C* or B~C*.

Proof. The proof is the dual of that of Theorem 2.8.

THEOREM 2.10. A*~Da and a~2DA* if a€ P (~2 means “does not con-
tain”).

Proof. None of the possibilities of Theorem 2.2 can occur.

Theorems 2.4-2.10 are quite elementary and follow immediately from the
definition of the containing relation in O. To get at the deeper theorems, how-
ever, we shall need the more detailed structure of operator polynomials.

DEFINITION 2.4. A is a component of B if one of the following holds:
B=4AVUX, B=XUA, B=ANX, B=XN4, B=4*

LeEMMA 2.8. If A is a component of B, then r(4) <r(B).

DEFINITION 2.5. 4 is a sub-polynomial of B if there is a chain of operator
polynomials 4 =A4,, 4y, - - -, A.=B where 4; is a component of A1 If
A #B, then 4 is a proper sub-polynomial of B.

LeEMMA 2.9. If A is a sub-polynomial of B, then r(4) <r(B). If A is a proper
sub-polynomial of B, then r(A) <r(B).

LeEMMA 2.10. If A is a sub-polynomial of B and B is a sub-polynomial of C,
then A is a sub-polynomial of C.

LemMA 2.11. If A is a proper sub-polynomial of B, then A is a sub-poly-
nomial of a component of B.

For A is a sub-polynomial of 4,_; which is a component of B.

THEOREM 2.11. If ADB*, there is a sub-polynomial Bi* of A such that
B1';’B.
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Proof. If 4 DB*(1), then since B* does not exist we must have 4 =B*.
But then B*=B* is a sub-polynomial of 4 such that B,~B. Now suppose
that it has been shown that 4 D B*(k) implies that a sub-polynomial By* of 4
exists such that By~B for all k <n. Let 4 DB*(n). If ADB*(n—1), the exist-
ence of By* follows by induction. If 4 =4,\U4; where either 4,2B*(n—1) or
A;DB¥*(n—1), then by induction either 4, or 4, contain a sub-polynomial B*
such that Bi~B. But since 4; and 4, are components of 4, B;* is also a sub-
polynomial of 4 and Bi~B. If 4=4,NA, where 4,20B*(n—1) and
A;DB*(n—1), then by induction 4, contains a sub-polynomial B* such
that By~B. But B* is then a sub-polynomial of 4 and B;~B. Since possi-
bilities (4) and (5) cannot occur, the only other possibility is 4 =A4:* where
A1 DB(n—1) and BDA,(n—1). But then 4;~B and B*=A4* is a sub-poly-
nomial of 4 such that By~B. Thus the conclusion of the theorem holds for
k=n and by induction for all k. But if A DB*, then 4 DB*(k) for some % and
hence a sub-polynomial B* of 4 exists such that B;~B.

THEOREM 2.12. If B*DA, there is a sub-polynomial B* of A such that
BlﬁB.

Proof. The proof is the dual of that of Theorem 2.11.

THEOREM 2.13. If A¥*UBDC and B~2DC, then a sub-polynomial A* of C
exists such that A,~A.

Proof. Let A¥\UBDC(1). If A¥UB=C, then A*=A4%* is a sub-polynomial
of C such that A;~A4. On the other hand if *4*\U*B and C exist such that
*4*¥U*B=C in L, then since *4* does not exist, *B must exist and
*4A*U*B=*B. But then *B2C in L and BDC(1). Thus BDC contrary to
hypothesis. Hence the theorem holds in this case.

Now suppose we have shown that A¥*UBDC(C(k) and B~2DC(C imply that
a sub-polynomial 4* of C exists such that 4,~4 for all k<#n. Let A*UB
=C(n) and B~2C. If A¥*\UBDC(n—1) the existence of A* follows from
the induction assumption. If 4*2C(n—1), then 4*DC and by Theorem
2.12 there is a sub-polynomial 4y* of C such that A;~A4. The possibility
B2OC(n—1) cannot occur since otherwise BDC. If C=C,\UC,; where
A¥UBDCi(n—1) and A¥JBDCy(n—1), then since B~2C we must have
B~2C(C; or B~2C, Hence by the induction assumption either C; or C,
must contain a sub-polynomial 4;* such that 4,~A4. But then 4* is a sub-
polynomial of C such that 4,:=~A4. If C=CiMN\C; where either A¥UB2D Ci(n—1)
or A¥UBDC(Cy(n—1), then since B~2C we have B~2DC; and B~2D(C..
Hence by assumption a sub-polynomial 4* of either C; or C; exists such that
Ai~A. A\*is clearly a sub-polynomial of C. Possibility (6) cannot occur since
A*¥*UB#X* for every X. Thus by induction A*UB2O(C(n) and B~DOC im-
plies that a sub-polynomial 4 * of C exists such that A,~A4. If A*\UBD(Cand
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B~2C,then4*\UBD(C(n)forsomenand theconclusion of thetheorem follows.

THEOREM 2.14. If CODA*N\B and C~ 2B, then a sub-polynomial Ay* of C
exists such that A~A.

Proof. The proof is the dual of that of Theorem 2.13.
DEFINITION 2.6. The length 1(A) of an operator polynomial 4 is the least
value of 7(X) for X~A4.

LEMMA 2.12. r(4)zl(4).
THEOREM 2.15. If ADB¥*, then 1(4)>1(B)..

Proof. By Theorem 2.11, if XD B* then X contains a sub-polynomial B;*
such that Bi~B. Now let X~A. Then X 2DB* and r(X) =r(B*) =r(B1)+1
>7(B1) 2I(B). Thus r(X)>I(B) for all X~A4. Hence !(4) >I(B).

THEOREM 2.16. If B*DA, then 1(4)>1(B).
Proof. The proof is the dual of that of Theorem 2.15.
THEOREM 2.17. I(4*) =1(4)+1.

Proof. Now by Definition 2.6, X exists such that X~4 and r(X) =1(4).
But then by Theorem 2.5, corollary, X*~A4* and r(X*) =r(X)+1=1(4)+1.
Hence /(4*) S7(X*) =1(4)+1. But since A*2A* by Theorem 2.15 we have
UA*)>1(4). Now I(A) <I(A*) =1(A)+1 implies I(4*) =1(4) +1.

TuEOREM 2.18. If AYUBDOC and B~2C, then I(C)>1(4).

Proof. Let X~C. Then if A¥*\UBDO(C and B~2C we also have A*\UBDX
and B~2X. But then by Theorem 2.13 a sub-polynomial 4* of X exists such
that 4,~A. Thus r(X)2r(4*)=r(41)+1>r(4:) 2I(4). Thus »(X)>I(A4)
for all X~C and hence I(C)>1(4).

THEOREM 2.19. If CDA*NB and C~ 2B, then I(C) >1(4).
Proof. The proof is the dual of that of Theorem 2.18.
THEOREM 2.20. If AYUBDA, then BDA.

Proof. Let A¥UB2DA. If B~2A, then by Theorem 2.18, I(4)>1(4)
which is impossible. Hence BDA.

THEOREM 2.21. If ADA*NB, then A DB.

Proof. The proof is the dual of Theorem 2.20.

Theorems 2.20 and 2.21 are particularly important in the construction
of lattices. with unique complementation.

In order to characterize the lattice O another definition is needed.
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DEFINITION 2.7. A lattice has a unary operator if to each x is ordered an
element x* such that

(a) x =y implies a* = y*.
In view of Theorem 2.5, corollary, we have the following theorem.
THEOREM 2.22. O is a lattice with unary operator.

As in the previous section, by the “free lattice with unary operator gener-
ated by P” we shall mean the free lattice with unary operator generated by P
and preserving bounds, if they exist, of pairs of elements of P.

THEOREM 2.23. O is the free lattice with unary operator generated by P.

Proof. Clearly the free lattice with unary operator generated by P consists
of all operator polynomials over P. Furthermore since O is a lattice with
unary operator, 4 2B in the free lattice implies 4 DB in 0. Now if 4 DB(1),
then either 4 =B, in which case 4 DB in the free lattice with unary operator,
or *4 and B exist and *4 = B in L. But since L is the free lattice generated
by P we have *4 D B in the free lattice with unary operator. From Definition
2.1 it follows that 4 D4 D*A in the free lattice with unary operator whenever
the covers exist. But then 4 D*4 D BDB. Now suppose we have shown that
ADB(n—1) implies A DB in the free lattice. Let A DB(n). If any of the
possibilities (1), - - -+, (5) occur, then A DB in the free lattice follows from
lattice properties. On the other hand, if 4 =A4*, B=B* where 4;2Bi(n—1)
and B1DA41(n—1) then 41D B;, BiDA; in the free lattice and hence 4,~B;.
But then 4 =A4#~B*=B by («). Hence 4 DB in the free lattice with unary
operator. Now if A 2B in O, then 4 D B(n) for some 7 and thus 4 DB in the
free lattice with unary operator generated by P.

In concluding this section, we give two theorems on the free lattice with
unary operator generated by an unordered set S. The first theorem answers
the question: When is a sublattice of the free lattice again a free lattice?

THEOREM 2.24. Let O be the free lattice with unary operator gemerated by
the unordered set S. Let A, B, C, - - - be elements of a subset & of O and let
A, B, €, - - - be the elements of Os, the operator sublattice of O generated by the
elements of ©. Then Oe is isomorphic to the free lattice with unary operator
generated by © as an unordered set if and only if

(1) ADB implies A=B if A, BES,

(2) AIBDA implies UDA or BDA if AES,

(3) ADANDB implies ADN or ADB if AES,

(4) A*~24 if 4 €6,

(5) A~DUA*if ACC.

Proof. Since S is unordered, v(4) exists only if A €5 and hence the second
part of (i), Definition 1.5, can be omitted. But then the second part of (i),
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Definition 2.2, can be omitted and hence also the second part of (1), Theorem
2.2. Now conditions (1), (2), (3), (4), (5) of the theorem are clearly necessary
in view of Definition 2.2. We shall show the sufficiency by proving that
A DY if and only if one of the conditions of Theorem 2.2 holds.

First of all, let A be of rank zero; that is, A=A where 4 &€&. Now if
B=B is in &, then ADYB implies A=B by (1) and hence the first case of
Theorem 2.2 occurs. If $=3B,UB, then by lattice properties 4 DB1, and
A DB, and hence case (4) of Theorem 2.2 occurs. If B=B:N\DB,, then either
ADPB;, or ADB: by (3) and hence case (2) of Theorem 2.2 occurs. Now
PB=B:* cannot occur by (5). Thus the theorem holds if ¥ is of rank zero
and clearly 8B of rank zero is treated similarly. Hence we may suppose that
both %A and B are of positive rank. But then Theorem 2.2 itself applies'and
A DY if and only if one of the conditions of Theorem 2.2 holds. This completes
the proof. ‘

Application of Theorem 2.24 to the free operator lattice generated by a
single element gives a particularly interesting conclusion.

THEOREM 2.25. The free lattice with unary operator gemerated by a single
element contains as a sublattice the free lattice with unary operator generated by

a countable set of elements.

Proof. Let O be generated by the single element a. A set of operator poly-
nomials is constructed inductivelyasfollows: 4, =a\Ua*, 4 .1 =0\J (a*\IA4 5)*.
Now suppose that 4;2A4; where :>1. Then a\U(a* U4 ,)*DaUa*Da*.
Since a~ Da* we have a*\UA} ; Da* and hence a*\UA} ;~a. But then e Da*,
which contradicts Theorem 2.10. Hence 4:.~2A4, ¢>1, and similarly
Ai~DA;, i>1. Suppose A; DA ; where 4, 7>1 and 47j. Then a\U(a*\UA},)*
DaU(@*JAL )*D(a*\ VA4S )* and (a*\JA%)*2(@*JA4))* by Theorem
2.7. But then a*UA{ ,~a*JAS DAY . If a*DA},, then a=4;, and
aDa* or aD(a*\JA} ,)*, both of which are impossible. Hence a*~2A47; and
thus AF DA}, by Theorem 2.7. But then 4; 124 ;1 and successive appli-
cations lead to one of the previous cases which we have shown to be im-
possible. Thus 4,24 ; implies =3 and condition (1) of Theorem 2.24 holds.

Let us consider next the operator polynomials generated by the 4. If
9 is any such polynomial, then a~ 2. For if A=A4; for some 7, then a 2%
implies aDa* or a2 (@*\JAL,)* both of which are impossible by Theorem
2.10. Now, using induction, if A=A,\JA, or A=Az then ¢DA implies
a2, or aDMN,, which are impossible by assumption. If A=%A* then a DY
cannot occur by Theorem 2.10. Hence a~ 2% follows by induction.

We show next that ADa* implies A Da. Since 4:a, all 4, this is trivial
if A=A;. Using induction, if A=A, UA: or A=A1NY,, then ADa* implies
A Da* or AsDa* or both. But then ArDa or A:Da or both and hence ADa.
If A =A* then ADa* implies A1~a contrary to e~ DA;. Hence the conclusion

follows by induction.
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In a similar manner one shows that 2D (a*UA4 ¥*)* implies A Da. For if
A=A ; for some j, the result is trivial. Furthermore the cases A =%\JA: and
A=WNNA, are treated as before. If A=A*, then AD(e*\JA*)* implies
M~a*\JA ¥ But then ¥ Da* implies A Da by what we have just shown.
Thus a*\UA4 *Da which is impossible since a*~2a and 4*~Da. Hence
AD (a*JA*)* implies A Da vacuously in this case. Induction gives the result.

Now let AUBDA4;. If 1=1, then AUBDaUa*Da* and ADa* or BDa*
by Theorem 2.7. Hence ADaUa* or BDa\Ja* by the above result. Thus
ADA; or BDA,. If i>1, then AUBDa\J(a*\JAL ))*D(a*JAL ))* implies
AD (a*\ VAL )* or BD(a*JAE )*. But then ADaJ(a*\JA4Y )* or BDa
U(a*\JA4}.)* and ADA; or BDA;. Hence condition (2) of Theorem 2.24
holds.

To prove condition (3), let 4;2ANWB. Then a\U(a*UAL )*DANSB. If
A ;DU or A;2PB we have nothing to prove. Otherwise we must have a DANYB
or (a*\UAY¥ )*DANY. But then by Theorem 2.2 one of the following must
occur: aD¥, aDB, (a* VAL )*DYU, (a*JAF¥,)*DB. However any one of
these possibilities implies 4:2% or 4;2%B and (3) follows.

A*~DA; since A*Da by Theorem 2.10. Hence condition (4) holds.

Finally if 4;2D%* where 4> 1, then a\J(a*\UA4} )* DA* and since a~DA*
we have (a*\UAE )*DA* But then A~a*JAF Da*. Hence ADa and thus
a*\UA¥ 1 Da which is impossible. A similar proof holds for ¢=1. Hence
A~ DA* and condition (5) hold.

Since (1), - - -, (5) of Theorem 2.24 have been verified it follows that
the operator sublattice generated by A4i, 4., - - - is the free lattice with
unary operator generated by a countable set of symbols.

It may be noted that a*, (a\Ua*)*, (a\J(a\Ua*)*)*, - - - is a sequence of
operator polynomials which also generates an operator sublattice which is a
free lattice with a countable set of generators. However, this sequence is too
special for use in later work.

3. The free lattice with reflexive unary operator. We begin defining a re-
flexive operator.

DEeFINITION 3.1. A lattice with unary operator is reflexive if

® (A%)* >~ A.

It will also be convenient to speak of reflexive elements of O.

DEFINITION 3.2. An element 4 of O is reflexive if A~(X*)* for some X €O0.

Now let us denote by N the set of all operator polynomials of O which
contain no reflexive sub-polynomials.

LeMMA 3.1. N contains P.
For a~(X*)* implies a 2 (X*)* which is impossible by Theorem 2.2,
LemMA 3.2, If AEN, then every sub-polynomial of A is in N.
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THEOREM 3.1. N is a sublattice of O.

Proof. Let 4 and B belong to N. Now a proper sub-polynomial of 4\UB
is either a sub-polynomial of A or of B and hence is not reflexive by the
definition of N. If A\UB is reflexive we have A\UB~(X*)* for some X, which
implies 4 ~(X*)* or B~(X*)* by Theorem 2.9 and hence either 4 or B is
reflexive contrary to assumption. Thus A\UB is not reflexive and hence
A\UBEN. A similar proof gives ANBEN.

It is clear that although N is a sublattice of O, it is not closed under
the operation *. However it is possible to define an operation 4’ over N
such that A’ agrees with A* if A*E N and also has the property a.

DEFINITION 3.3. Let 4 be an operator polynomial of V.

(i) f A*EN, let A'=4*

(ii) If A*&E N, then A’ is defined inductively as follows:

(1) A=A4,UA4.,. Since A EN and A*&N, A* is reflexive and 4*~(X*)*
for some X. Hence 4=4,\J4,~X*. By Theorem 2.9 we have the three
possibilities 41~X*~A4, Ay~~X*; or Ae~X*~A, Ai~~X*; or A1~A,
~X*~A (~=~ means “not equivalent to”). Let us set, respectively, 4’'=A4{,
or A'=A4,or A’=A{\UA] for the three possibilities.

(2) A=A1N4.. Asin (1), A~X* for some X and hence we set A'=A4{,
or A'=A44, or A’=A{NAJ according as Ai~X*~A4, A,~~X*; or
Ao X*~A, Ay~ X* or A Ao X*~A.

(3) A=A+*. In this case we set A'=4,.

Let us note that (ii) of Definition 3.3 is independent of the choice of the
operator polynomial X. Since if 4*~(Y*)* then Y*~X* and 4, or 4,~V*
if and only if 4, or A;~X* respectively.

LeMMA 3.3. If AEN, then A’ EN.

For if A*E€N, then A’=A4* is in N. If A*&N, then cases (1) and (2)
give A’ in N by induction. In case (3), A’ is a sub-polynomial of 4 and hence
isin N.

LemMA 3.4. If AEN and A*EN, then A'=A*.

LemMMA 3.5. If A, BEN and A~B, then A'~B’.

Let us note first that A*& N implies B*€N. For if B¥&EN, then B* is
reflexive, that is, B*~(X*)* and A*~B*~(X*)*, whence 4* is reflexive
contrary to A*&€ N. Hence if either A*& N or B*€N, then A'=A4*~B*=B'.
We proceed by induction. If #(4)=r(B)=0, then A4* and B* belong to N
and the lemma holds by the remark above.

Now suppose the lemma has been proved for all 4 and B such that
r(4) <n and 7(B) <n. Let r(4) =n. If r(B) =0, then B*& N and A'~B’ as
before. Let us suppose we have shown that 4’~B’ if r(B) <k where k <n. We
shall show that the result also holds if #(B) =k. Consider first 4 =4,\J4..
If A*E N the lemma has been proved. If A*& N, we have three possibilities:
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(1) A’=A{ where A~A,, A~~A4,. But then 4:~B and r(4,) <r(4)=mn,
r(B)=k<n. Hence by the induction assumption A{=~B’. But then
A'=A{~B'. (2) A’=A{ where A~A, A~=~A;. But then 4,~B and
r(A:) <r(A)=mn,r(B) =k <n. Whence A{ ~B’ and 4’ =44 ~B’ by Definition
3.3. (3) A'=A{\JA{ where A~A~A4, But then r(4y) <r(4)=n, r(4,)
<r(4)=mnand r(B) =k <n. Hence since 4,~B we have A{ ~A4J and A{ ~B’.
Thus A’'=A{\JAJ~A{~B’. Hence A’~B’ follows if 4=4,\JA4,. An ex-
actly dual proof handles the case A =4;MNA,. Next let B=B,\UB,. Again we
have three possibilities since the case B*& N has been treated above: (1)
B’=B{ where BB, B~~B,. But then A~~B, and r(B;) <r(B) =k. Hence
A’'~B{ =B’ by the second induction assumption. (2) B=B; where B2=B,,
B~~B, is treated similarly. (3) B=B{\UBJ where B~B;~B,. But then
r(By) <r(B) =k <n and r(B;) <r(B) =k <n. Since A~B; we have by induc-
tion 4'~B/ and B{ ~B{. Thus A’'~B{~B{\UB{ =B’. Hence the lemma
follows if B=B1\UB,. Again an exactly dual proof handles the case B=B1M\B,.
Now we are left with only the possibilities 4 =4* and B=By* where 4'=4,
and B’=B;. But A~B implies A,~B, implies 4'~B’. Thus the lemma holds
for #(B) =k and by induction it follows for r(4) <% and 7(B) <n. By sym-
metry the lemma holds if 7(4) <7 and r(B) =n.

Now let 7(4) =7 and 7(B) =n. We may assume that A¥& N and B*&EN.
Let A=A4,\JA4,. We have three possibilities: (1) A’=A4{ where A~4,,
A~~4,. But then A:~B and r(4,) <r(4) =#» while #(B) =n. Hence A{ ~B’
and A'=A{~B’. (2) A'=A4{ where A~A4, A~=A, is treated similarly.
3) A'=A4{\JA; where A~A,~A, But then A;~B and r(4.) <r(4)=mn,
r(d2) <r(Ad)=mn, r(B)=n and by assumption A4{~B’, A{~A;. Hence
A'=A{JA{~A{~B’. A dual argument holds for 4 =4:M4.. Now by sym-
metry it follows that the lemma holds if B=B,\UB, or B=B1/\B,. Hence we
have only the possibility 4 =A4*, B=B*. But then 4’=4,~B,=B’. Hence
the lemma has been shown to hold if 7(4) <# and r(B) =#. A final induction
on 7 gives the lemma for all 4 and B. The proof is then complete.

LEMMA 3.6. If ACGN and A*&EN, then A~(A')* and (A")*EN.

Let us make an induction on r(4). If r(4)=0, then A¥*EN and the
lemma holds vacuously. Now suppose the lemma is true for all 4 with
r(4)<n and let r(4) =n. If A=A4,\JA4, according to Definition 3.3 we have
three possibilities: (1) 4 =A4{ where A~4, and A~=4,. Since 4, is a sub-
poiynomial of 4, A{EN. If A*EN, then A;* is not reflexive and hence
A*~A* is not reflexive contrary to A*&N. Thus A*&N and since r(Al)
<r(4) =n we have by assumption A4,~(4{)* and (4{)*EN. But since
A’'=A{ we have A~A:~(A")* and (A")*€N. (2) A'=A{ where A~~4,,
A~==A4, is treated similarly. (3) 4'=A4{\J4] where 4~A4:~4,. But then
A;, A:EN while A*, A*&GEN. Furthermore A{ ~A4J by Lemma 3.5. Since
r(4)) <r(4)=n and r(4:)<r(4)=n we have by assumption A.~(4{)*,
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Ax~(A4)* where (A{)*EN and (47)*EN. But then (4’)*=(4{UA4J)*
~(A{)*~(A4{)*J(A4])*~A,\UA4,=A4. Also (4')* belongs to N since other-
wise (A{\JA{)* is reflexive and thus (4{)*~(4{\UA4J)* is reflexive con-
trary to (4{)*EN. Thus the lemma holds if 4 =4,\U4; and an exactly dual
proof gives the case 4=4,NA4;. Now let A=A4* Then A'=A, and
(A)*=A*=A. Hence A~(A4")* and (4’)*€&N. Thus the lemma holds if
r(4) =n and induction upon # completes the proof.

LeMMA 3.7. If AEN, then (A')'~A.

First let A*€N. Then A’=A*. But then (4’)* is not in N and since
A’'=A* we have (4’)'=A. Hence (4’)'~4 in this case. If 4A*& N, then by
Lemma 3.6, A~(A’)* where (4’)*&€ N. But then (4’)'=(4’)* by Definition
3.3. Hence (4')'~A.

THEOREM 3.2. N is a lattice with reflexive unary operator.

Proof. Lemmas 3.5 and 3.7 show that (a) and () hold for the operation 4’.

In agreement with our previous usage of the word “free,” by the free
lattice with reflexive unary operator genetated by the partially ordered set P we
shall mean the free lattice with reflexive unary operator generated by P and
preserving bounds, whenever they exist, of pairs of elements of P.

THEOREM 3.3. N 1is the free lattice with reflexive unary operator generated
by P.

Proof. Let N’ denote the free lattice with reflexive unary operator gener-
ated by P. Let us note that N’ consists of the set of operator polynomials
over P. Furthermore the relations between these polynomials are determined
by the lattice postulates and (), (8). Also, if any relation holds among the
polynomials as elements of O, it must also hold as elements of N’ since O is
the free lattice under lattice postulates and (o) by Theorem 2.23. Now since
N is a sublattice of O, if ADBin N we have A DB in O and hence 4 DBin N'.
Thus to complete the proof we have only to show that every operator poly-
nomial is equivalent in N’ to an operator polynomial in N. Let us note first
that this is trivially true for polynomials of rank zero. Suppose it has been
shown for all operator polynomials of rank less than n. Let r(4)=n. If
A=A4,JA4,, then by the induction assumption A;~B; and A4,~B, where
Bjand B;are in N and the equivalence is in N’. But then by lattice postulates
A=A4A,\J4,~B,\UB; in N’ and B,\UB; is in N by Theorem 3.1. A similar
argument holds if 4=41N4, Now let 4 =4,* and 4,~B; where B,cN.
If B*EN, then by (a), A=A*~B* where B*&€N. If B*&N, then by
Lemma 3.6, By~(B{)* and (B{ )* & N where the equivalence is in O and hence
holds also in N’. By (&) and (8) we have A~B*~((B{)*)*~B{ and B{ is
in N. Thus by induction every operator polynomial is equivalent in N’ to an
operator polynomial in N. It is also clear from the above argument that A~B
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and BEN implies A*~B’ in N’. Hence it follows that N is isomorphic to N’.

In the previous section we answered the question: When is a sublattice
of the free lattice with unary operator generated by an unordered set again
free? We turn now to the similar problem for lattices with reflexive unary
operator. We shall need a new tool for the investigation.

DEFINITION 3.4. If 4 €0, the operation f(4) is defined inductively as
follows:

(i) If »(4)=0, then f(4)=A.

@ii) If r(4)=n>0 we have three cases. (1) 4=4,\JA4,. f(4) exists if
and only if f(4,), f(42), or both f(A4,) and f(A4.) exist in which case f(4) =f(4.),
f(A)=f(As), or f(4)=f(A1)\Uf(4:) respectively. (2) A =41MNA.. f(4) exists
if and only if f(4:) and f(42) exist in which case f(4)=f(41)Nf(42). (3)
A=A f(4) exists if and only if f(4,) exists, f(41)~A, and [f(4.)]*EN in
which case f(4) =[f(4.) ]*.

There is clearly a dual operation g(4).

Since N is a sublattice of O, Definition 3.4 gives the following lemma.

LemMA 3.8. If f(4) exists, then f(A) EN.
LemMA 3.9. If f(A) exists, then A Df(A).
LeEMMA 3.10. If AEN, then f(A) exists and f(A)=A.

If AEP the lemma follows from Definition 3.4. Making an induction
upon 7(4), if A=4,\JA4, and AEN, then 4,, A:EN and hence f(4,)=4,,
f(Az)=A: by assumption. But then f(4)=f(4.,)\If(4:)=A4:\UA4,=4. Simi-
larly if A =A41MNA4,, then f(4)=f(A41)N\f(4:)=A1NA=A. Finally if 4 =A4*,
then f(A4,) =41 by the induction assumption. But then f(4,) exists, f(41)~A4,
and [f(41)]*=A*EN. Hence f(4) exists and f(4)=[f(4:)|*=A#¥=A.

LeMMA 3.11. If *A4 exists, then f(A) exists and f(A)D*A4.

The lemma is trivial if AEP since f(4d)=A=*4. By induction, if
A=A4,UA4,and *4 exists, then *4; or *4, exist. If *4, exists and *4; does not
exist, then f(4,) exists by assumption and f(4)=f(4,) or f(4,)\Uf(4.). Hence
f(A)Df(4,)D*4,=*A4. If *4, exists and *4,; does not exist a similar argu-
ment holds. If *4, and *4. both exist, then f(4,) and f(4,) both exist and by
the induction assumption f(4)=f(41)\If(4,)D*4,\U*4,=*4. Next if
A=A,NA,, then *4, and *4, exist and hence f(4,) and f(4.) exist. But then
FA)=fA)Nf(4:) D*A1N*A.=*A. Finally if 4 =A4*, then *4 does not exist
and the lemma holds vacuously..

LemMA 3.12. If ADB and f(B) exists, then f(A) exists and f(4)Df(B).

Let us suppose first that A 2B(1). If A =B, then f(B) exists if and only
if f(A) exists and f(4)=f(B). If *4 and B exist with *4 DB, then BDf(B)
by Lemma 3.9 and f(B) exists with B2f(B) by Lemma 2.5. Since *4 exists,
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f(4) exists and f(4) 2*4 by Lemma 3.11. But then *f(4) exists and *f(4) D*4
by Lemmas 2.2 and 2.6. Hence *f(4)2*4 D B2f(B) and f(4)2f(B) by
Definition 2.2.

Now let us suppose we have shown that the lemma holds if A DB(n—1)
and let ADB(n). If A=A4,\JA,where 4:2B(n—1) or 4:2B(n—1) then by-
induction f(4:) or f(4,) exists and f(4.1)2f(B) or f(A4:)2f(B). Hence
fA)=f(41), f(4s), or f(A))\If(A2)2f(B). A similar argument holds if
A=ANA,. If B=B\UB, with ADB;(n—1) and A DB:(n—1), then either
Sf(B1) or f(B2) exists according to Definition 3.4 and hence f(4) exists by the
induction assumption. But also f(4) 2f(B:) or f(4) 2f(B:). Hence f(4) Df(B).
If B=BiN\B; with 4 DBi(n—1) or A DBy(n—1), then f(B;) and f(B,) exist
and hence f(A4) exists and f(4)2Df(B:1) or f(A)2Df(Bsz). Thus f(4)Df(By)
Nf(By) =f(B). Finally if A=4* and B=B* with 4,2B;(n—1) and
B1DAi(n—1) then since f(B) exists, f(B:1) also exists and f(Bi)~B. By
induction f(4:) exists and f(41)2f(B1), f(B1)2f(4:1). Hence f(A41)~f(B)
~Bi~A,. If [f(4.)]* is not in N, since f(41) EN, [f(41) ]* is reflexive. But
then f(B)=[f(Bi)]*~[f(41)]* is reflexive contrary to f(B)EN. Hence
[fA)]*EN and f(4)=[f(4 ) ]*Df(B). Induction upon # completes the
proof.

Let us restrict P to be an unordered set S. Then N is the free lattice with
reflexive unary operator generated by S. Let & ‘consisting of operator poly-
nomials 4, B, - - - be a subset of N. We desire necessary and sufficient con-
ditions that the operator sublattice generated by & be isomorphic to the free
lattice with reflexive unary operator generated by © as an unordered set.
Now we may clearly assume that A*E€ N for each 4 €&, since otherwise we
replace 4 by A’ and the resulting set generates the same operator sublattice
while (4’)*€N by Lemma 3.6. © is said to be regular if it has this property.
We have then the following theorem.

THEOREM 3.4. The operator sublattice Ne of N generated by a regular subset
S s isomorphic to the free lattice with reflexive unary operator generated by &
as an unordered set if and only if the operator sublattice of O generated by &
is isormorphic to the free lattice with unary operator generated by © as an un-
ordered set.

Proof. Let 4, B, C, - - - denote the operator polynomials of &. We shall
show first that if 4, B, C, - - - generate a free lattice with reflexive unary
operator in N, then in O they generate a free lattice with unary operator. It
is sufficient to show that properties (1)—(5) of Theorem 2.24 hold. (1) is trivial
since & is unordered in N and hence in O. Now if % is any operator polynomial
over &, then f(¥) is an operator polynomial over &. For if &€&, then AEN
and f(A) =AU and f() is a polynomial over &. By induction, if A=A\JA; and
F@) exists, then f(A) =f(A1), f(¥As), or f(A)\ISf(As). Hence if f(As) or f(As) is
a polynomial over &, then f(¥) is also. If =AM, then f(A) =f(A)Nf(Az)
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and again f(¥) is a polynomial generated by & if the same holds for f(31) and
F(Ua). If A=A* and f(A) exists, then f(A) = [f(W1)]* and if f(¥,) is a poly-
nomial over &, then f(¥) is also.

Now let AUBDA where ACS and A and B are operator polynomials
over ©. Since A €N, f(4) exists by Lemma 3.10 and hence f(A\UB) exists by
Lemma 3.12. But then f(AUB)Df(4)=4. If f(AIB)=f(NA), then ADSF(A)
DA. If f(AIB) =f(B), then BDF(B) 24. If f(AUB) =f(A)\Jf(B), then since
F(), f(B) EN and are operator polynomials over &, we have either f(UA) 24
or f(B) 24 since by hypothesis 4, B, C, - - - generate a free lattice with re-
flexive unary operator in N. But then either ADf(A) D4 or BOf(B)D4.
Hence AUB DA implies AD A or B2 A4 and condition (2) is satisfied.

A similar proof using the dual operation g(4) gives (3).

Let us suppose that A*2A4 where 4 €& and U is an operator polynomial
over &. Then since f(4) exists, f(A*) exists and f(UA*) = [f(A)]*Df(4)=A4.
Since f(¥) is a polynomial over & and f(¥), [f(¥)]* belong to N, this contra-
dicts the fact that & generates a free lattice with reflexive unitary operator in
N. Thus A*~2DA4 and similarly A~2D%*. Hence (4) and (5) of Theorem 2.24
hold and the proof of the necessity is complete.

To prove the sufficiency let us suppose that the polynomials 4, B, C, - - -
of & generate in O an operator sublattice isomorphic to the free lattice with
unary operator generated by & as an unordered set. Then by Theorem 3.3,
this lattice contains a sublattice Ng isomorphic to the free lattice with re-
flexive unary operator generated by © as an unordered set. Hence we have
only to show that Ng is isomorphic to Ng. Now each element of Ng is
an operator polynomial over & whose sub-polynomials are non-reflexive in O.
Hence the sub-polynomials which are polynomials over & are certainly non-
reflexive in a sublattice of O and thus the elements of Ng belong to Ng.
Now let ¥ be a polynomial over & and let A~X* where X €0. We shall show
that A~%* where X is a polynomial over &. For if AES, then A~X* implies
A* is reflexive, contrary to the regularity of-&. Hence the statement holds
vacuously in this case. By induction, if A=%A,\UNA,, then A~X* implies
A~ X* or Yoe~X*. Hence A~%* or Ap~~%*. But then A~X*~9; or YpX*.
A similar argument holds if A=ANY,. If A=A* we need only pick £=,.
The statement above follows by induction. From this result follows an even
sharper result, namely, A~(X*)* in O implies A~ (¥*)* where ¥ is an operator
polynomial over ©. If A& S the statement holds vacuously. By induction,
if A=AV A; or A=WLNAe we get A~(X*)* as before. Finally if A=U*, then
A*~(X*)* and W~~X*. By the previous result Ay>¥* and =¥~ (X*)*
which completes the proof of the statement. Now if ¥ is an operator poly-
nomial of N§, then every sub-polynomial U; of ¥ considered as a polynomial
over & is non-reflexive and hence by the result just proved is non-reflexive
over 0. But now any sub-polynomial of ¥ is either a sub-polynomial of some
AE®S and hence is non-reflexive in O or is a polynomial over & in which case
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it is again non-reflexive in 0. Thus A belongs to N and is a polynomial over &.
Hence A€ Ne and Ne and Ng consist of the same operator polynomials of O.
Since both are sublattices of O, they are clearly lattice isomorphic.

We have still to show that the unary operation is preserved. But if
AE Ng, then A*E Ng if and only if A*E N§ since Ng and Ng are identical.
But in both Ng and N§, A’'=A* if A* belongs to the set. Hence the unary
operation is preserved in this case. Now by induction, if =9\, then in
either Ng or N§, A'=A{, or A4, or A{ UAJ according as A~N;, or A~A,, or
both. Hence again the operation is preserved. A =AM, is treated similarly.
If A=A*, then in both cases A’'=A; and hence the unary operation is the
same in both Ng and N§. Thus Ng and N§ are isomorphic and the proof of
the theorem is complete.

As a consequence of Theorem 3.4 one proves the following theorem.

THEOREM 3.5. The free lattice with reflexive unary operator generated by a
single element contains as a sublattice the free lattice with reflexive unary operator
generated by a denumerable set of elements.

Proof. If a is the single generator let us define Ai=a\Ja*, 4.i1=a
U(a*U4.*)* as in the proof of Theorem 2.25. Since A1, 42, - - - generate
a free lattice with unary operator in O according to Theorem 3.4 it is only
necessary to prove that Ai, A,, - - - is a regular set. But 4,~X* implies
X*Da which is impossible by Theorem 2.10. Hence A4; is regular for each ¢
and 4,, A,, - - - generate a free lattice with reflexive unary operator on a
denumberable set of elements.

4. The free lattice with unique complements. In order to construct the
free lattice with unique complements generated by P, the lattice N must be
still further restricted.

DEeFINITION 4.1. An operator polynomial AEN is union singular if
ADX, X' where XEN. A is crosscut singular if X, X' DA where XEN.
A is singular if it is either unibn or crosscut singular.

LemMMA 4.1. ACN is union singular if and only if ADX, X¥* where
X, X*EN.

For if A is union singular, then A DX, X’ where XEN. If X*& N, then
X’'=X* and 4ADX, X* with X, X*€N. If X*&N, then X~(X’)* and
(X)*EN. But then ADX’ and A DX D(X’)* where X’ and (X’)* are in N.
The sufficiency is obvious. Dualizing, one gets the following lemma.

LEMMA 4.2. AEN 1is crosscut singular if and only if X, X*2DA where
X, X*EN.

Now let us denote by M the set of all operator polynomials of N contain-
ing no singular sub-polynomials together with the two symbols # and 2. The
operator polynomials of M are clearly partially ordered by the relation 4 D B.
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We further define #2224 Dz for all polynomials A EM. M is thus a partially
ordered set with unit element % and null element z. It is also convenient to
set #'=z and 2’ =u.

THEOREM 4.1. M is a lattice. Furthermore if AN/ B and A /A\B denote union
and crosscut in M, then AN/B=A\UB if A\JB is nonsingular and A/N\B
=ANB if ANB is nonsingular.

Proof. Let X2OA4 and XOB where A, BEM. Then X2DAUB. If
AUBEM, then AUB is a Lub. of 4 and B in M and we may take
ANV/B=AUB. If AUB& M, then A\JB must contain a singular sub-poly-
nomial. But since a proper sub-polynomial of A\UB is a sub-polynomial of
either 4 or B, A\UB itself must be singular. Now 4\UB cannot be crosscut
singular since ¥, Y'"DA\UB implies ¥, YDA contrary to A €EM. Hence
A\UB is union singular and AAUBD Y, Y’ where YEN. But then X2V, ¥’
and if X€E M we must have X=u. Thus A \VB=u in this case. A dual argu-
ment shows that A AB=AMNB or z according as ANBE M or not.

LeEmMA 4.3. If AE M, then A'& M.

The lemma is trivial if A =u or 2 so we may suppose that 4 is an opera-
tor polynomial. Let us treat first the case where A*EN. If A*& M, then A*
must contain a singular sub-polynomial. But sirice every proper sub-poly-
nomial of A* is a sub-polynomial of 4 and 4 € M it follows that A* itself is
singular. If A* is union singular, then by Lemma 4.1, 4*2DX, X* where
X, X*EN. But then by Theorem 2.5, A*~X* and X*2X. Hence by Theo-
rem 2.16, I(X)>1(X) which is impossible. Similarly 4* is not crosscut singu-
lar. Thus A* is not singular and hence 4*€ M. But then 4'=4*€EM and
the lemma holds in this case.

We proceed with an induction on r(4). If #(4) =0, then A*€N and the
lemma holds as above. Suppose that the lemma holds for all 4 such that
r(4A) <n. Let r(4) =n. Now we may suppose that A*& N since the case
A*EN has been treated above. If 4=4,U4, we have three possibilities:
(1) A=A4{ where A~A4, and A~~A4,. But then r(4,) <r(4) =n and since
A, is a sub-polynomial of 4, 4;EM. Hence by the induction assumption
A’'=A{ belongs to M. (2) A=A/ where A~A; and A ~~A4,. As before
A'=47EM. (3) A'=A{\JA{ where A~A,~A,. Now A, A,E€ M since they
are sub-polynomials of 4, hence by the induction assumption 4/ and 44 be-
long to M. Suppose that A{\JAJ & M. Then A{\JA{ is union singular and
A{\JAJ DX, X’ where XEN. But by Lemma 3.5, 4{~A4{ and hence
A{~A{JA; DX, X' and A{ is singular contrary to A{EM. Thus
A{\JA{ EM and hence A’EM. If A=A1NA, an exactly dual proof gives
A’'EM. Finally let A =A4* Then since A4, is a sub-polynomial of 4, 4:EM
and hence A’=4, belongs to M. Thus if 7(4) =n we have A’EM and the
lemma follows by induction.
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COROLLARY. M is a lattice with reflexive unary operator.

For (#')’~wu and (2’)’~~z and for operator polynomials the property fol-
lows from Theorem 3.2.

THEOREM 4.2. Each element A of M has the unique complement A’.

Proof. Since # and z are the unit and null elements respectively of M, it
follows that #’ =z is the unique complement of % and 2’ =u is the unique com-
plement of 2. Thus we may devote our attention to the operator-polynomials
of M. Clearly A’ is a complement of A since AA\VA'DA, A’ implies A\VA'=u
and 4, A’DANA’ implies ANA'=z.

Now let A\/B~u and 4 A\B~~z where BEM. But then B~~u, z and
hence is an operator polynomial of M. Since A\/ B~u, by Theorem 4.1, A\UB
is union singular and hence by Lemma 4.1, AAUBDX, X* where X and X*
are in N. Similarly ANB is crosscut singular and hence by Lemma 4.2,
Y, Y*2ANB where Y and Y* are in N. Since AA\UBDX* by Theorem 2.7,
ADX* or BDX*. Also since Y*2AMNB by Theorem 2.6 either Y*24 or
Y*DB. Hence we have four possibilities.

(1) ADX* and Y*DA. But in this case Y*DX* and X~Y by Theorem
2.5. Hence X*~Y* and Y*DA4DX* implies X*~A4. Thus X*UB~A4\UB
DX. But then BDX by Theorem 2.20. Also Y2 ANB~Y*MNB implies YO B
by Theorem 2.21. Hence Y2B2DX and X~Y~B. Since X*€N we have
X’'=X*~A. But then B~X~(X')'~A' by Theorem 3.2 and Lemma 3.5.
Hence B~A"' in this case.

(2) ADX*, Y*2B. Now YDANBDOX*N\B and Y*UADBUADX.
Clearly Y~2DB. Since if Y2 B, then ¥, Y*2 B and B is singular contrary to
BE M. Similarly A~2DX. But then by Theorem 2.19, I(¥)>I(X) and from
Theorem 2.18 we get }(X)>I(Y). This is impossible and hence this case can-
not occur.

(3) BDX*, Y*DA. As in case. (2), this leads to a contradiction by an
exactly similar argument.

(4) BDX*, Y*DB. In this case as in (1) we get X*~V*~B and X~Y
~A. Since X*€N we have X’'=X* and thus B~X*~X'~4",

Hence in every case B~A’ and the proof is complete.

THEOREM 4.3. M contains P as a sub-partially ordered set and preserves
bounds of pairs of elements of P whenever the bounds exist.

Proof. If a EP, then a~2DA* and A*~ Da for every operator polynomial
A. Hence a is nonsingular and belongs to M. Also a2b if and only if a2b
in O and hence ¢ = b if and only if a Db in M. Thus P is a sub-partially ordered
set of M. Now let ¢ =l.u.b.(a, b) exist in P. Then ¢c~a\Ub in O by the corollary
to Theorem 2.3. But since ¢ and b are nonsingular, ¢\Jb is nonsingular and
hence a\UbE M. Thus c>~a\/b in M and least upper bound is preserved in M
if the bound exists. A similar argument holds for the greatest lower bound.
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If Pis a lattice, Theorem 4.3 gives as a corollary the theorem mentioned
in the introduction.

THEOREM 4.4. Every lattice is a sublattice of a lattice with unique comple-
ments.

It is clear that the unit and null element of the imbedding lattice will be
different from the unit and null element respectively of the original lattice.
The lattice M may be further characterized as follows:

THEOREM 4.5. M is the free lattice with unigue complements generated by P
and preserving bounds, whenever they exist, of pairs of elements of P.

Proof. Let M’ denote the free lattice(”) with unique complements gen-
erated by P and preserving bounds, whenever they exist, of pairs of elements
of P. M’ clearly consists of all operator polynomials over P. Furthermore
since complements are unique we have (o) A~B in M’ implies A’'~B’ and
(B) (4")'~A in M’. Hence M’ is a lattice with reflexive unitary operator. But
then ADB in M implies A DB in N implies 4 DB in M’ since N is the free
lattice with reflexive unitary operator generated by P. Now clearly 4 DB
in M’ with A, BEM implies A DB in M since M’ is the free lattice with
unique complements generated by P. Hence we have only to show that each
operator polynomial 4 €0 is equivalent in M’ tqQ an operator polynomial of
M or to u or 2. We make an induction on the rank of 4. If »(4) =0, then
AEM and there is nothing to be proved. Let 7(4)=n. If AEN, then 4
contains a sub-polynomial B which is reflexive, that is, B~(X*)*. But since
B=B,\UB, implies Biy~(X*)* or By~(X*)* and similarly for B=B1N\B,,
B contains a sub-polynomial By* such that B*~~(X*)*~B. Hence Bi~X*.
But then B, contains a sub-polynomial Bj* such that B~X*. Hence
B~ (X*)*~(B*)*. But then B~(B*)*~B, in M’. Hence replacing B by B,
in A we obtain an operator polynomial A4; of smaller rank such that A~A4,
in M’. But by the induction assumption 4, is equivalent in M’ to 4.€ M.
Hence A~A4,in M’'. If AEN but A& M, then A contains a sub-polynomial
C which is singular. Hence C~u or z in M’. Hence replacing C by u or 2
respectively and using the relations #\JX~u, uNX~X, 2\UX~X, 2N\ X=vz,
u'~~z, z'~u we obtain 4, which is either %, z or an operator polynomial of O
of smaller rank. But A~4, in M’ and by induction 41~~4, in M’ where
A, EM. Hence A~A4, in M’. Finally if AEM, then 4>~A4 where AEM.
Thus every 4 €0 is'equivalent in M’ to an operator polynomial of M or to %
or z and hence the proof is complete.

CoroLLARY. If P is a lattice L, then M is the free lattice with unique com-
plements generated by L.

(") The existence of M’ follows from general existence theorems on free algebras (cf. foot-
note 4).
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As in the previous sections, we shall determine conditions under which an
operator sublattice of the free lattice with unique complements generated by
an unordered set S is again free.

THEOREM 4.6. Let O be the set of operator polynomials over the unordered
set S. Let & be a regular subset of M which generates in O a free lattice with
unary operator. Then the operator sublattice Me of M generated by & is iso-
morphic to the free lattice with unique complements generated by &S as an un-
ordered set if and only if the following two conditions hold:

(1) AUBDX, X* where A, BE M, X E0-AIB DX, X* where X*E Me.

(2) X, X*2UNB where A, BEMe, X CO0—-X, X*DUAND where X* & Me.

Proof. Let us suppose first that Mg is isomorphic to the free lattice with
unique complements generated by & on an unordered set. Then if AUBD X,
X* where %A, BE Me, XE0, we have AV B~u in Mg and hence A\ B~u
in the free lattice with unique complements generated by &. Since %, B E Me,
it follows that A UB DX, £* where X is a polynomial over ©€. But by Theorem
2.11 we can take X* to be a sub-polynomial of A\UB. Now AUBZX*. Hence
X* is a sub-polynomial of either ¥ or B and hence belongs to Me. Thus (1)
holds and a dual proof gives (2).

To prove the sufficiency, let O’ be the sublattice of O generated by & and
let M& be the subset of O’ containing no polynomials having reflexive or
singular sub-polynomials. Then M§ is the free lattice with unique comple-
ments generated by & as an unordered set. Under the assumption of (1) and
(2) we have to show that Mg is isomorphic to M&. Now since the containing
relations in O and O’ are the same, the operator polynomials in Mg clearly
belong to Mg. Hence we have only to show that the elements of Mg belong
to Me and that the unary operations correspond. But since the unary opera-
tion is unique complementation this follows from the lattice isomorphism.
Thus we have only to show that the elements of Mg belong to Me. Now if
AE @, then trivially AE Me and we may use induction upon the rank of A
over &. Since AE M we have AE Ng and hence AENg by Theorem 3.4.
Let A=A,V YU;. By the induction assumption A; and 9, belong to Me. Hence
if AE Me, U is union singular; that is, A=A, U, DX, X* where X EO0. But
then W,\UA:D%, X* where ¥*E Me by (1). Thus A=A,\JY, is singular over
O’ contrary to AE M¢. Hence A € Mg in this case. A=N,\J; is treated simi-
larly. If A=%*, then A*DX*-AF*~X*—-X*DX which is impossible. The
proof is thus complete.

It is an interesting fact that, contrary to the case of lattices with reflexive
unary operator, a regular set 4, B, C, - - - of M may generate a free lattice
with unique complements as a sublattice of M and yet not generate a free
lattice with unary operator as a sublattice of O. Indeed, consider the operator
polynomials 4 =a\U(a\Ub*)*, B=a\Ub*. It can be verified that 4 and B gen-
erate a free lattice with unique complements in M. However, since B\UB*24,
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A and B do not generate a free lattice with unary operator in O. The state-
ment of both necessary and sufficient conditions (in terms of the containing
relation in O) that a regular subset of M generate a free lattice with unique
complements seems to be quite difficult.

Now it is clear that the free lattice with unique complements generated
by a single element a consists of the four elements @, a’, %, and 2. Hence there
is no theorem for lattices with unique complements analogous to Theorems
2.25 and 3.5. However, there is a similar theorem for lattices with two genera-
tors. We shall need the following lemma.

LEMMA 4.4. Let X be an operator polynomial generated by the polynomials
Ay, - -+, A, Then if Y is a sub-polynomial of X, either Y is a sub-polynomial
of A; for some i or Y is a polynomial over Ay, - - - , A,

If X=A, for some ¢, the lemma is trivial. Now use induction on the rank
of X over 4y, - - -, 4A,. If X=X,\UX,, then either Y is a sub-polynomial of
X, or X, in which case the lemma holds by hypothesis or Y=X in which case
the lemma is trivially true. If X =X,MNX, asimilar argument holds. If X =X *,
then either Y=X or Y is a sub-polynomial of X; and the lemma holds by hy-
pothesis. Induction on the rank of X over 4, - - -, 4, completes the proof.

THEOREM 4.7. The free lattice with unique complements generated by two
elements contains as a sublattice the free lattice with unique complements gen-
erated by a countable set of elements.

Proof. Let M be the free lattice with unique complements generated by
the two elements @ and b. Let 4:=¢\Jb* and define inductively 4,.1=a
U(a*UA4,¥)*. It follows from the proof of Theorem 2.25 that 41, A, - - - gen-
erate in O a free lattice with unitary operator. By Theorem 4.6 we have only
to show that conditions (1) and (2) hold.

Let us note first that A~ 2Da* and A~ Db for every operator polynomial
over Ai, A,, - - . For A,2a*—a\J(a*UA,}1)*Da*—a* U4 * ~a—aDa*
which is impossible and 4,25—(a*\U4.%1)* Db which contradicts Theorem
2.10. An easy induction gives the result.

Now let AUBDX, X* where A and B are operator polynomials over
A,, As, - - - and belong to M. Then AUB contains a sub-polynomial ¥* such
that ¥~X by Theorem 2.11. But then X* is a sub-polynomial of either % or
8B and hence X¥*& M. Finally, if X* is not a polynomial over A4, 4, - - -,
then by Lemma 4.4, ¥* is a sub-polynomial of some 4;. But then ¥*=a*,
(a*U4.%)*, or b*. But since A UB~ Da*, b none of these possibilities can oc-
cur. Hence ¥* is an operator polynomial over 4;, 4s, - - - belonging to M
and thus (1) holds.

Since ¢*2DA4,—a*Da and bDA4,—ba it follows that a*~2D4, and
b~2DA.,. But then the dual of the argument of the previous paragraph gives
condition (2). Hence by Theorem 4.6 the operator sublattice of M generated
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by Ai, A,, - - - is isomorphic to the free lattice with unique complements
generated by 4,, A, - - - as an unordered set. The proof is thus complete.

Theorem 4.7 shows with particular clarity how far lattices with unique
complements differ from Boolean algebras. For the free Boolean algebra gen-
erated by » symbols contains 22" elements and hence does not contain as a
sublattice the Boolean algebra generated by & symbols for k£ >n. On the other
hand, the free lattice with unique complements generated by just fwo symbols
contains as a sublattice the free lattice with unique complements generated
by n symbols for any positive integer #.
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